Abstract. In this paper, we first construct some complete cotorson pairs on the category C N (G) of unbounded N -complexes of Grothendieck category G, from two given cotorsion pairs in G. Next as an application, we focus on particular homotopy categories and the existence of adjoint functors between them. These are an N -complex version of the results that were shown by Neeman in the category of ordinary complexes.
introduction
cotorsion pairs (or cotorsion theory) were invented by [Sal79] in the category of abelian groups and was rediscovered by Enochs and coauthors in the 1990's. In short, a cotorsion pair in an abelian category A is a pair (F , C) of classes of objects of A each of which is the orthogonal complement of the other with respect to the Ext functor. In recent years we have seen that the study of cotorsion pairs is especially relevant to study of covers and envelopes, particularly in the proof of the flat cover conjecture [BBE] . In 2002, Hovey established a correspondence between the theories of cotorsion pairs and model structures (Hovey's theorem [Hov02] ). So the study of cotorsion pairs on the category of complexes is important, see [Gil04] , [Gil06] , [Gil08] , [EER1] , [EEI] , [EAPT] , [St] , [YD15] . Since the concept of N -complexes is a generalization of the ordinary complexes, it is natural to study cotorsion pairs on the category of N -complexes. The notion of N -complexes was introduced by Mayer [May42] in the his study of simplicial complexes and its homological theory was studied by Kapranov and Dubois-Violette in [Kap96] , [DV98] . Besides their applications in theoretical physics [CSW07] , [Hen08] , the homological properties of N -complexes have become a subject of study for many authors as in, [Est07] , [Gil12] , [GH10] , [Tik02] . By an N -complex X, we mean a sequence · · · → X n−1 → X n → X n+1 → · · · such that composition of any N consecutive maps gives the zero map in A. We can view the category of N -complexes as the category of representation of the quiver A ∞ ∞ = · · · → v −1 → v 0 → v 1 → v 2 → · · · with the relations that N consecutive arrows compose to 0. Recently, Holm and Jorgensen in [HJ] construct model structures on the category of representations of quiver with relations, in particular for the category of N -complexes.
In this work we show some typical ways of getting complete cotorson pairs in the category of N -complexes. One method for creating such pairs is by starting with two cotorsion pairs in A and then using these pairs to find related pairs in C N (G), the category of N -complexes over a Grothendieck category G. More precisely: For the definition of F XN and Y CN see section 3. This theorem recovers some results of recent work of Yang and Cao (see [YC] ) and also includes the case in which the class is not closed under direct limits. As an application, we focus on particular homotopy categories and the existence of adjoint functors between them. The homotopy category K N (A) of Ncomplexes of an additive category A was studied by Iyama and et al. in [IKM] . In case A = Mod-R (the category of all left R-modules) they proved that K ♮ N (Prj-R) ∼ = K ♮ (Prj-T N −1 (R)) where ♮ = −, b, (−, b) and T N −1 (R) is the ring of triangular matrices of order N −1 with entries in R. In [BHN] the authors proved that K N (Prj-R) is equivalent to K(Prj-T N −1 (R)) whenever R is a left coherent ring. This equivalence allows us to study the properties of K N (Prj-R) from K(Prj-T N −1 (R)). For instance K N (Prj-R) is compactly generated whenever R is a left coherent ring. There is a natural question and this is whether it is possible to introduce an Ncomplex version of [Nee10, Theorem 0.1], [Nee08, Proposition 8.1]. The answer is not trivial, since we do not have such an equivalence for K N (Flat-R) and K(Flat-T N −1 (R)). Here we will show that if we consider the complete cotorsion pairs (Prj-R, Mod-R) and (Flat-R, (Flat-R) ⊥ ), then we have a right adjoint functor j
, and a right adjoint functor of j * . The paper is organized as follows. In section 2 we recall some generality on N -complexes and provide any background information needed through this paper such as Hill lemma. Our main result appears in section 3 as Theorem 3.9. This result is generalized of [YC, Theorem 3 .13] and [YC, Propositions 4.8 and 4.9]. The proof of this theorem is completely different from the proof of [YC] . Finally, in section 4, we will provide an N -complex version of the results that were shown by Neeman in the category of ordinary complexes.
be an N -complex satisfying X n = M and d n X = 1 M for all (j − i + 1 ≤ n ≤ j). For 0 ≤ r < N and i ∈ Z, we define
Definition 2.1. Let f : X −→ Y be a morphism in C N (C). Then the mapping cone C(f ) of f define as bellow:
We denote by K N (C) the homotopy category of unbounded N -complexes.
Let S N (C) be the collection of short exact sequence in C N (C) of which each term is split exact then it is shown in [IKM] that (C N (C), S N (C)) is a Frobenius category and its stable category is the homotopy category K N (C) of C. So K N (C) together with this suspension functor is a triangulated category, see [IKM, Theorem 2.6 ]. 
Recall that Ext
where
it is easy to see that I(Σ −1 Y) is a projective-injective object in (C N (C), S N (C)) and all arrows are componentwise split exact sequence. But the kernel of map ψ is formed precisely by the null-homotopic morphisms f :
where the right square is pull-back (2 ≤ r ≤ N − 1).
Definition 2.5. Let X ∈ K N (C). We say X is N -exact if H i r (X) = 0 for each i ∈ Z and all r = 1, 2, ..., N − 1. We denote the full subcategory of K N (C) consisting of N -exact complexes by E N (C) .
The following result are useful. See [IKM, Lemma 3.9] Lemma 2.6. Let X be an N-complex of objects of an abelian category C. For a commutative diagram
the following hold.
(1) X ∈ E N (C) if and only if d Remark 2.8. By use of lemma 2.6, it is easy to show that whenever X is an N -exact complex then ΣX and Σ −1 X are N -exact complexes.
Lemma 2.9. Let A be an abelian category. For an object M ∈ A, 1 ≤ r ≤ N − 1 and X, Y ∈ C N (A) we have the following isomorphism:
Proof. See [GH10, section 4] or [YC, Lemma 2.2] for more details. Definition 2.10. A pair of classes (F , C) in abelian category A is a cotorsion pair if the following conditions hold:
We think of a cotorsion pair (F , C) as being "orthogonal with respect to Ext 1 A . This is often expressed with the notation
where W, W ′ ∈ F and Y, Y ′ ∈ C. We note that if S is any class of objects of A and if S ⊥ = B and A = ⊥ B, then (A, B) is a cotorsion pair. We say it is the cotorsion pair cogenerated by S. If there is a set S that cogenerates (A, B), then we say that (A, B) is cogenerated by a set.
Hill lemma:
Let G be a Grothendieck category endowed with a faithful functor U : G → Set, where Set denotes the category of sets. By abuse of notation we write x ∈ G instead of x ∈ U (G), for any object G in G. Analogously |G| will denote the cardinality of U (G). We will also assume that there exists an infinite regular cardinal λ such that for each G ∈ G and any set S ⊆ G with |S| < λ, there is a subobject X ⊆ G such that S ⊆ X ⊆ G and |X| < λ.
Given an infinite regular cardinal κ. Recall that an object X ∈ G is called κ-presentable if the functor Hom G (X, −) : G → Ab preserves κ-filtered colimits. An object X ∈ G is called κ-generated whenever Hom G (X, −) preserves κ-filtered colimits of monomorphisms. By our assumption it is easy to see that
Definition 2.11. Let S be a class of objects of G. An object X ∈ G is called S-filtered if there exists a well-ordered direct system (X α , i α β|α < β ≤ σ) indexed by an ordinal number σ such that (a) X 0 = 0 and X σ = X, (b) For each limit ordinal µ ≤ σ, the colimit of system (X α , i αβ |α < β ≤ µ) is precisely X µ , the colimit morphisms being i αµ :
The direct system (X α , i α β) is then called an S-filtration of X. The class of all S-filtered objects in G is denoted by Filt-S.
The Hill lemma is a way of creating a plentiful supply of a module with a given filtration, but where these submodules have nice properties. This result, whose idea is due to Hill [Hill] and version of which appeared in [FL] . In the following we state the Hill lemma for Grothendieck category which is known as the generalized Hill lemma, see [St, Theorem 2.1].
Theorem 2.12. Let G be as above and κ be a regular infinite cardinal such that κ ≥ λ. Suppose that S is a set of κ-presentable objects and X is an object possessing an S-filtration (X α | α ≤ σ) for some ordinal σ. Then there is a complete sublattice L of (P(σ), ∪, ∩) and ℓ : L → Subobj(X) which assigns to each S ∈ L a subobject ℓ(S) of X, such that the following hold:
Let H = {ℓ(S) | S ∈ L}. We call H as the Hill class of subobjects of X relative to κ.
Corollary 2.13. If N ∈ H and M is a κ-presentable subobject of X, then there exists P ∈ H such that N + M ⊆ P and P/N is κ-presentable.
Proof. By using theorem 2.12 (H4), we can find S ∈ L of cardinal < κ such that M ⊆ ℓ(S). Denoting W = ℓ(S), P = N + W and combining (H2) and (H3) of theorem 2.12 with [St, corollary A.5] we observe that P ∈ H and P/N is κ-presentable.
We need the following lemma and theorem.
Lemma 2.14. Let κ be a regular infinite cardinal such that
Proof. We use the zig-zag technique to construct E. First, consider the particular case X = 0. We will construct E as the union of an increasing sequence of N -subcomplexes
. So by our assumption on κ we can find a subobject
According to the previous part, there is an N -exact complex E ⊆ Y and for each i ∈ Z, M i ⊆ E i , and the object E i is κ-presentable. Then E = E/X for an N -exact subcomplex X ⊆ E ⊆ Y, and E clearly has the required properties. (1) The cotorsion pair (F , C) is cogenerated by a class of κ-presentable objects in G (2) Every object in F is F κ -filtered, where F κ is the class of all κ-presentable objects in F .
Proof. We refer to [EEI, Theorem 2.1].
Induced cotorsion pairs in C N (A)
In this section we show some typical ways of getting complete cotorson pairs in C N (A). One method for creating such pairs is by starting with two cotorsion pairs in A and then using these pairs to find related pairs in C N (A). We start with the following proposition: 1 (X), so we set t as the following composition
1 (J) with f n = 0 for n = i and f i is the composition of morphism
N −1 (X) and t. It is easy to check that f is a morphism of N -complexes. By assumption we can extend this morphism to a morphism g : X → D
Definition 3.2. Let A be an abelian category. Given two classes of objects X and F in A with F ⊆ X . We denote by F XN the class of all N -exact complexes F with each degree F i ∈ F and each cycle Z i r (X) ∈ X for all 1 ≤ r ≤ N − 1 and i ∈ Z.
Proposition 3.3. Let A be an abelian category with injective cogenerator J. Let (F , C) and (X , Y) be two cotorsion pairs with
⊥ is the class of all N -complexes C for which each C i ∈ C and for each map F → C is null-homotopic whenever F ∈ F XN .
Proof. Let W be the class of all N -complexes C for which each C i ∈ C and for which each map F → C is null-homotopic whenever F ∈ F XN . It is easy to check that F XN is closed under Σ and Σ −1 . Hence, by [YD, Corollary 2.16] we can say that W is closed under taking suspensions. Now suppose that C ∈ C and F ∈ F XN . By lemma 2.9 (2) we have Ext
, so by lemma 2.4 we can say that D i N (C) belongs to W for each i ∈ Z. Similarly, for any F ∈ F XN , by lemma 2.9(4) we get that Ext We will show that A ∈ W. To this point let Z ∈ F . By lemma 2.9(1) Ext
Now let u : F → A be a morphism in C N (A) where F ∈ F XN . Clearly we have that Ext
dw (ΣF, A) and the last group equals to 0 since ΣF ∈ F XN so by lemma 2.4 we can say that u is null-homotopic and hence A ∈ W. Finally, assume that Ext 1 CN (A) (A, W) = 0 for all W ∈ W. We will show that A ∈ F XN . Let C ∈ C. As we know before D Proof. It is dual to the proof of Proposition 3.3.
In the papers [Gil04, Gil08] Gillespie introduced some classes of complexes and find new cotorsion pairs in the category of complexes. In similar manner we can define these classes in the category of N -complexes. In the following, we summarize these several classes of N -complexes.
Definition 3.5. Let (F , C) be a cotorsion pair in A. Let E N be a class of N -exact complexes. We will consider the following subclasses of C N (A):
(1) The class of C N (F ) complexes (resp. C N (C) complexes), consisting of all X ∈ C N (A) such that X i ∈ F (resp. X i ∈ C) for each i. 
Example 3.6. Let Prj-R be the category of projective objects in Mod-R. Consider the cotorsion pair (Prj-R, Mod-R). Then the purpose of a dg-projective N -complex is an Ncomplex P such that P i ∈ Prj-R and Hom KN (R) (P, E) = 0 for all E ∈ E N . This definition is compatible with the definition 3.20 in [IKM] .
The next corollary is contained in [YC, Theorem 3.7] . Here we present short proof of it for our case. Proof. We just prove one of the statements since the other is dual. If we set consider F = X and C = Y as in proposition 3.3, then we can say that ( F FN , ( F FN ) ⊥ ) is a cotorsion pair. But clearly F FN = F N and (
Now let (P, A) and (A, I) be the usual projective and injective cotorsion pairs, where P is the class of projective, I is the class of injective objects in A. Note that for any cotorsion pair (F , C) in A we always have inclusions P ⊆ F and I ⊆ C. The next corollary is contained in [YC, Proposition 4.2] . In the following, we provide a brief proof of the case, with the difference that we can omit the hereditary condition on (F , C).
Proof. We just prove one of the statements since the other is dual. In order to use proposition 3.3 we consider (F , C) and (A, I). Note that F ⊆ A so (ex X N , (ex X N ) ⊥ ) is a cotorsion pair since clearly ex X N = X AN .
For the rest of this section we assume that G is a concrete Grothendieck category as in subsection 2.2. In the following we will prove that the induced cotorsion pairs in C N (G) as above are also complete. We will prove the theorem in two steps. First we show that ( F XN , ( F XN ) ⊥ ) is a complete cotorsion pair. Proof. By Theorem 2.15 it is enough to show that each complex F ∈ F XN is F κ XN -filtered (for some κ ≥ λ regular uncountable) i.e. we construct a filtration (
Using Hill Lemma, we obtain the corresponding families H i,r for these filtrations. Now, we recursively construct a filtration (F α ∈ F XN | α ≤ σ) for F with the property that, for each α < σ, i ∈ Z and 1 ≤ r ≤ N , the object Z i r (F α ) belongs to H i,r . First, put F 0 = 0. If α is a limit ordinal and F β is already defined for each β < α, we simply put F α = β<α F β . This is again an N -exact complex and, by the properties of Hill families, we have Z i r (F α ) ∈ H i,r for all i ∈ Z and 1 ≤ r ≤ N . We proceed to the crucial isolated step. Let F α be defined and assume that F α = F (otherwise, we set σ = α and we are done). Put 
for each i ∈ Z and 1 ≤ r ≤ N − 1 and
n ∈ H i,N . Now, we use Lemma 2.14 to obtain an N -exact complex G 1 such that
We go back to the beginning of the previous paragraph and repeat the process with G 0 replaced by G 1 . Using Lemma 2.14, we obtain G 2 and so on. Finally, we define F α+1 = ∞ n=0 G n . This is an N -exact complex and, for all i ∈ Z,
This finishes the construction of the filtration (F α | α ≤ σ). Finally, we observe that, for each α < σ, the quotient Proof. Suppose that (F , C) is cogenerated by a set {A j | j ∈ J} and (X , Y) is cogenerated by the set
In dual manner of the proposition 3.3 we can prove that 
are complete cotorsion pairs in C N (A).
Proof. Using the proof of corollary 3.7, 3.8 and Theorem 3.9.
Note that the previous results are improved versions of [YC, Theorem 3 .13] and[YC, Proposition 4.8, 4.9]. Essentially we do not assume that the cotorsion pair (F , C) is complete hereditary.
Example 3.13. Let Qco(X) be the category of quasi-coherent sheaves on a scheme X. Then Qco(X) is a Grothendieck category as 2.2. Note that U (F ) = ⊔ v∈V F (v), where V is a fixed open affine cover of X. If we let F be the class of all flat quasi-coherent sheaves, it is known that if X is quasi-compact and semi-separated, then F contains a generator of Qco(X). Moreover, by [EE, Section 4] we follow that (F , F ⊥ ) is cogenerated by a set. So corollary 3.12 apply. Again, consider the category of quasi-coherent sheaves and let F be the class of (nonnecessarily finite dimensional) vector bundles and the class of "restricted" Drinfeld vector bundles (see [EAPT] for notation and terminology) on suitable schemes. These classes are not in general closed under direct limits but we can proceed in the same way and apply corollary 3.12.
Applications
Let R be an associative unitary ring. Let K N (Flat-R) be the homotopy category of Ncomplexes of flat R-modules, and let K N (Prj-R) be the homotopy category of N -complexes of projective R-modules. In [BHN] the authors proved that K N (Prj-R) is equivalent to K(Prj-T N −1 (R)) whenever R is a left coherent ring and T N −1 (R) is the ring of triangular matrices of order N − 1 with entries in R. This equivalence allows us to study the properties of K N (Prj-R) from K(Prj-T N −1 (R)). For instance K N (Prj-R) is compactly generated whenever R is a left coherent ring. There is a natural question and this is whether it is possible to introduce an N -complex version of [Nee10, Theorem 0.1], [Nee08, Proposition 8.1]? The answer is not trivial, since we don not have such an equivalence for K N (Flat-R) and K(Flat-T N −1 (R)). In this section we focus on particular homotopy categories and the existence of adjoint functor between them. First, we start with the following lemma.
So there is a morphism r : C(f ) → Y such that ru ∼ 1 Y . Let t be the corresponding homotopy as in the definition 2.2. Define a :
Clearly au = 1 Y . So it is enough to show that a = (a n ) n∈Z is a morphism in
Canceling the same terms from both side and using the fact that f is a morphism in C N (G) and ru ∼ 1 Y , we are reduced to show that
Or equivalently,
and this equation satisfies, Since
The idea of the proof of the following Theorem is taken from [EBIJR, Theorem 3.5]. We provide here the argument for the reader's convenience.
Since f 1 ∼ f 2 we can say that f 1 p ∼ f 2 p and therefore f = (f 1 p − f 2 p) ∼ 0. We show that g = (g 1 − g 2 ) ∼ 0. To this point consider the following diagram:
Since f ∼ 0, by [YD, proposition 2.14] we get that the lower short exact sequence splits.
′ such that rt = qℓ. We claim that ℓ provides a retraction of i : F ′ → C(g) in K N (G). For this, it is easy to check that q(1 F ′ −ℓi) = 0, So we can say that 1 F ′ −ℓi maps F ′ into the kernel of q, that is, into C ′ . Again by [YD, proposition 2.14] and using this fact Ext 1 CN (G) (ΣF ′ , C ′ ) = 0 we can say that 1 F ′ − ℓi is homotopic to 0. So ℓi ∼ 1 F ′ , i.e. ℓ provides a retraction of i : F ′ → C(g) in K N (G). By Lemma 4.1 F ′ → C(g) is split monomorphism in C N (G), hence 0 → F ′ → C(g) → ΣF → 0 is split exact. Therefore by [YD, proposition 2.14], we get that g ∼ 0.
Clearly we see that if g 1 ∼ g 2 then f 1 ∼ f 2 . Hence
is injective. Clearly ψ is surjective and so it is bijective. 
